Generalized Sobolev's phi function for the resolvent of a Milne-type integral equation with a degenerate kernel  by Ueno, Sueo
JOURNAL OF MATHEhIATICAL ANALYSIS AND APPLICATIONS 54, 538-546 (1976) 
Generalized Sobolev’s Phi Function for the Resolvent of a 
Milne-Type Integral Equation with a Degenerate Kernel* 
SUEO UENO+ 
Department of Electrical Engineering, University of Southern California, 
Los Angeles, California 90007 
Submitted by Richard Bellman 
It is well known in the field of radiative transfer that Sobolev was the first to, 
introduce the resolvent into Mime’s integral equation with a displacement 
kernel. Thereafter it was shown that the resolvent plays an important role in the 
theory of formation of spectral lines. In the theory of line-transfer problems, 
the kernel representation in Milne’s integral equation has been used to provide 
an approximate solution in a manner similar to that given by the discrete 
ordinates method. 
In this paper, by means of invariant imbedding we show how to determine 
an exact solution of a Milne-type integral equation with a degenerate kernel, 
whose form is more general than the Pincherle-Gourast kernel. A Cauchy 
system for the resolvent is expressed in terms of generalized Sobolev’s @- 
and Y-functions, which are computed by solving a system of differential 
equations for auxiliary functions. Furthermore, these functions are expressed 
in terms of components of the kernel representation. 
1. INTRODUCTION 
It is well known in the theory of radiative transfer that Sobolev first 
introduced the resolvent into Milne’s integral equation with the aid of the 
probabilistic approach (cf. [l]). Thereafter, the resolvent has been shown to 
be a powerful tool for the exact solution of Milne’s equation in planetary 
and stellar atmospheres (cf. [2-4, 7-121). 
In recent years, kernel representation in the solution of linetransfer problem 
has been discussed by several authors (cf. [4, 51). It has been shown that the 
particular kernel representation permits us to yield an approximate solution 
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equivalent to that given by the discrete ordiantes method (cf. [4, 131). On the 
other hand, with the aid of an initial value method, solutions of Fredholm 
integral equations with degenerate (or semidegenerate) kernels have been 
obtained by several authors (cf. [l&24]). 
In this paper, with the aid of invariant imbedding, we show how to deter- 
mine an exact solution of Milne-type integral equations with a degenerate 
kernel, whose form is more general than the Pincherle-Coursat kernel. ,2 
Cauchy system for the resolvent of a Fredholm integral equation has been 
found by Bellman [25] and Krein [26], whereas Sobolev [1] has also derived 
it for the resolvent of Milne’s integral equation with a displacement kernel, 
independently. In this paper a Cauchy system for the resolvent is expressed 
in terms of generalized Sobolev’s Phi-functions, i.e., @- and Y-functions, 
that are computed by solving a system of differential equations for auxiliary 
functions. Furthermore, these functions are expressed in terms of compo- 
nents of the kernel representation via another set of auxiliary functions. 
Finally, it should be mentioned that this method holds not only for the 
symmetric kernel but also for the asymmetric kernel. 
2. MILNE-TYPE INTEGRAL EQUATION WITH A DEGENERATE KERNEL 
Consider the transfer problem of radiation in finite, homogeneous, iso- 
tropically scattering atmospheres of optical thickness T with internal sources 
B. Milne’s integral equation governing the source function S(t, T) 
(0 < t < T) takes the form 
S(t, T) = B(X, t) + h [ ’ k( I t - y i) S(?‘, T) dy, 
‘0 
where the parameter h is a constant less than unity, and k(l t - y I) is an 
integral displacement kernel (0 < t, y < T). In a kernel representation k(t) 
is replaced by an approximation as an expansion of exponential terms (cf. 
([5, 41). In this paper we consider the degenerate kernel, which is more general 
than the above kernel representation. 
Let the kernel K(t, y) be a finite sum of continuous functions of the form 
(2) 
where each set of functions {a(n, t)} and {b(m, y)} to be linearly independent 
square integrable in the basic interval (0, T). If N = il2 and 
409/54/2-16 
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where d(n, m) is a Kronecker function, we have a Pincherle-Goursat kernel 
given by 
(4) 
Consider a Milne-type integral equation with a degenerate kernel repre- 
sentation, 
.T 
where the kernel K is given by Eq. (2). 
Introduce the resolvent kernel K-function for Eq. (5), where K(t, y; T) 
satisfies the integral equations 
KkY; T) = Ak(t, y) + x /‘k(t, z) K(z, y; T) dz, 
0 
(6) 
and 
(7) 
Thus, the required solution of the Mime-type equation (5) is expressed 
in terms of the internal source and resolvent as 
S(t, T) = B(A, t) + Jo’ K(t, z; T) B(A, z) dz. (8) 
3. A CAUCHY SYSTEM FOR THE RESOLVENT 
In a manner similar to that given in a preceding paper ([23]), we introduce a 
set of auxiliary equations 
/(n; t, T) = Aa@, t) + h lor K(t, z) /(n; z, T) dz, (9) 
and 
j(f(m; y, T) = Wm, y) + h j-Or J(m; z, T) W, Y) dz, (10) 
where n = 1, 2,..., N, and m = 1,2 ,..., M, and 0 < t, y < T. On recalling 
Eq. (6), we have 
K(t, T; T) = hk(t, T) + X Jr k(t, z) K(z, T; T) dz. 
0 
(11) 
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Based on the principle of superposition, from Eqs. (9)-( 1 l), we get 
K(t, T; T) = @(t, T) = ; E r(n, m) b(m, T) J(n; t, T). (1.4 
a=1 ,,b=l 
Similarly, from Eqs. (7) and (lo), vve have 
K(T,y; T) = Y(y, T) = 2 f + m) a(n, T) j(m; y. T). (13) 
In Eqs. (12) and (13), @(t, T) and Y(y, T) are together called generalized 
Sobolev’s Phi-function. Furthermore, with the aid of the resolvent, Eqs. (9) 
and (10) become 
and 
J(n; & T) = ha@, t) + A fr K(t, z; I’) a(n, z) dz, (14) 
‘0 
L:pon differentiation of Eq. (14) with respect to T, we obtain 
/&z; t, T) = XK(t, T; T) a(n, T) + A Jr KT(t, z; T) a(~, z) dz, (16) 
0 
where the subscript T represents the differentiation with respect to T. 
Differentiation of Eq. (7) with respect to T gives 
Kr(t, y; T) = A@(t, T) k(T, y) + h I7 K&t, z; T) k(z, y) dz. (17) 
. 0 
Considering Eq. (17) as an integral equation for K(t, y; T) and recalling 
Eq. (7), the superposition procedure gives rise to 
&(t, y; T) = @(t, T) yl(y, T), (18) 
where 0 < t, y < T. Equation (18) is called the Bellman-Krein formula 
(cf. [25, 261) which plays an important role in the initial value method. 
Whereas Eq. (18) has been obtained by Bellman and Krein in the general case 
of the kernel in place of a displacement kernel, Sobolev has also derived it 
from the probabilistic aspect ([l]). Making use of Eq. (18), Eq. (16) becomes 
the required Cauchy system by 
Ir(n; t, T) == @(t, T) J(n; T, T) 
N M 
== /(n; T, T) r C r&i) 4.L T) /G; t, T), (19) 
i=l J=l 
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together with the initial condition at t = T, 
‘t’=y J(n; t, T) = J(n; t, t). (20) 
In what follows, with the aid of R-function, we show how to find a Cauchy 
system for J(n; t, T). Define the function R(i, j; T) by 
R(i, j; T) = lor b(i, z) J(j; x, T) dz, i = 1, 2,..., M, j = 1, 2 ,..., N, (21) 
in terms of which J(n; T, T) is expressed as 
J(n; T, T) = A a@, T) + f f y(i, j) a@, T) R(j, n; T) I . (22) is1 j-1 
We see that at T = 0 the R-function satisfies the relation 
R(i, j; 0) = 0. 
Furthermore, differentiation with respect to T shows that 
R&, j; T) = b(i, T) J( j; T, T) + Jo’ b(i, 4 Jr( j; z, T) dz. 
Recalling Eqs. (9) and (19), Eq. (24) becomes 
(23) 
(24) 
&(i, j; T) = X [ a(j, T) + g f r(n, m) a@, T) R(m j; T) n=lm=l I 
. b(i, T) + i f AA q) Nq, T) R(i, p; T) 1 . (25) p=1 q=1 
Equation (25) is a required Cauchy system for R(i, j; T)-function, which 
should be solved subject to the condition (23). Once the R-function has been 
computed, an auxiliary function /(n; t, T) can be evaluated by solving 
Eq. (19). Then, Eq. (12) permits us to calculate @(t, T). 
Similarly, we show how to determine ??‘(y, T) by Eq. (13). On differen- 
tiating Eq. (15) with respect to T, we get 
j&w Y, T) = AYY, T) b(m, T) + h s,’ b(m, 2) Kr(z, y; T) dz. (26) 
Insertion of Eq. (18) into Eq. (26) results in 
J&y, T) = y(y, T) j(m; T, T) 
= hi TV T) f f 10, q) 4~ T) m&s y, T). (27) 
p=lq=l 
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We assume that Eq. (26) should be solved subject to the initial condition at 
k&y &WY, T) = J(wY,Y) 
= Xb(m, y) + X 2 f y(i,;) b(j, y) R(m, i; y). 
i=l j=l 
Similarly, define Q(ij; T) by 
Q(i,j; T) = jar J(i; t, T) a(j, t) dt. 
where i = 1, 2 ,..., Al, j = 1, 2 ,..., N, and 
Q(i, j; 0) = 0. 
Differentiate Eq. (29) with respect to T. Then, we have 
Q,(i, j; T) = A 
[ 
a(j, T) + i f r(n, m) a(n, T) Q(mj; T) 
n=1 nt=l I 
. 
[ 
b(i, T) + f f AP, 4) b(g, T) R(i,p; T) 
I 
. 
p=1y-1 
Allowance for Eqs. (22), (28), (30), and (31) results in the relation 
R(i, j; T) = Q(i, j; T). 
(28) 
(29) 
(30) 
(31) 
(32) 
Once the R-function has been computed by Eq. (25), auxiliary functions 
](m; y, T) and Y( y, T) can be determined by Eqs. (27) and (13), respectively. 
Once the @- and Y-functions have been determined, Eq. (18) permits us to 
evaluate the resolvent, together with the initial conditions 
qt, j’; y) = qt, y) for 0 ,( t < v < T, (33) 
and 
qt, y; t) = yy, t) for 0 <. ~1 < t < T. (34) 
Hence, the resolvent K(t, y; T) enables us to determine the required source 
function S(t, T) by Eq. (8). 
4. STATEMENT OF THE CAUCHY PROBLEM 
Suppose that the kernel k(t, y) of a Milne-type integral equation is a finite 
sum of continuous functions of the form 
k(t,y) = f f I+, m) a@, t) b(m,y), 
n=1 ,n=l 
(35) 
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where the set of functions {a(n, t)} and {b(m, y)} is linearly independent 
square integrable in the basic interval (0, 3”). The functions R(i,j; T), 
i = 1, 2,..., M, j = 1, 2 ,..., N, and 0 < T < Tl , are defined by the system 
of ordinary differential equations 
R,(i, j; T) = A a(j, T) + f 5 r(n, nl) a(n, T) R(m, j; T) 
n=1 m=1 I 
x 4 T) + f f Y(P, q) Nq, T) RF, P; T) 1 , (36) 9=1 94 
where 0 < X < 1, i = 1,2 ,..., M, j = 1,2 ,..., N, together with the initial 
condition 
R(i, j; 0) = 0. (37) 
We assume that the solutions are bounded and continuous for 0 < T < Tl . 
The functions J(n; t, T) and J(m; y, T) are defined by the differential equa- 
tions 
JTh t, T) zxz h T) + f 
i=l 
c r(G) 4, T) W, n; 
j=l 
x f f rb 4) b(q, T) JOi t, T)> 
p=l 4=1 
(38) 
and 
JT(~; Y, T) = h b(m, T) + f 2 y(i, j) b(j, T) R(m, i; T) 
i-1 j=l I 
x f f rhx 4) 4~ T) .hy, 0 
I?=1 q=l 
(39) 
where n = 1,2 ,..., N, and m = 1, 2 ,..., hf, 0 < t < T < Tl, together with 
the initial conditions at T = t, and T =y, 
J(n; t, t) = h ~(n, t) + 5 f y(i, j) a(i, t) R(j, n; t) 
I 
, w 
i=l j=l 
and 
J(m; y, y) = X 
[ 
b(m, y) + f f r(i,j> G y) R(w 6 Y> 1 - (41) i=l j=l 
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Introduce two generalized Sobolev’s functions, @ and Y, by relations 
and 
Y(Y, q = t 5 y(n, m) a(n, T) j(wz; y, T). (43) 
,r=l ?lr=l 
Finally, define the resolrent K(t, F; 7’) by a differential equation 
Icr( T) = @(t, T) Y(;v, T), w 
where T :T: max(f, y), together with the initial condition 
Iqt, y; ?‘) = qt, y) 
qt, y; t) = Y(y, t) 
for 0 < t < J < T. 
for 0 < J’ < t < T. 
(45) 
(46) 
Once the resolvent kernel K-function has been determined, the required 
source function is computed by 
S(t. T) = B(X, t) + 1’ K(t, -“; T) B(X, 2) dz. (47) 
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